We provide first slope estimates of the Newton polygon of generalized Artin-Schreier curves, which are proved using the action of Frobenius and Verschiebung on cohomology. We provide a number of applications such as an improved Hasse-Weil bound for this class of curves.
Introduction
Let q = p u where p is any prime and u ≥ 1 is an integer, and let Q = p s where s ≥ 1 is an integer. Let X be a projective smooth absolutely irreducible curve of genus g defined over F Q . Consider the L-polynomial of the curve X over F Q , defined by
where #X(F Q i ) denotes the number of F Q i -rational points of X. It is well known that L X (T ) is a polynomial of degree 2g with integer coefficients, so we write it as
The Hasse-Weil bound places restrictions on the coefficients of L X (T ) and on the values of #X(F Q i ).
When we restrict ourselves to certain types of curve, such as supersingular curves, or curves with HasseWitt invariant 0, even more restrictions are placed on L X (T ) and #X(F Q i ). This article is about generalized Artin-Schreier curves and these restrictions. Our main result is a bound on the first slope, see Theorem 1 below.
Consider the sequence of points
i, ord p (c i )
in Q 2 . If c i = 0 for some 1 ≤ i ≤ 2g, we define ord p (c i ) = ∞. The normalized p-adic Newton polygon of L X (T ) is defined to be lower convex hull of this set of points. It is usually called the Newton polygon of X/F Q , and denoted by N P (X/F Q ). It is well known that c 0 = 1 and c 2g = q g , so (0, 0) and (2g, g) are respectively the initial and the terminal points of the Newton polygon.
We call a curve X a generalized Artin-Schreier curve over F Q if X can be defined by an equation of the form
where a i ∈ F Q , a d = 0, (d, p) = 1, q = p u and u is a positive integer. We note that there is not necessarily any relationship between u and s, where Q = p s . The genus of (2) is (q − 1)(d − 1)/2.
In the case q = p (i.e. u = 1) the curve (2) is known as an Artin-Schreier curve. In terms of function fields, an Artin-Schreier curve is a p-cyclic covering of the projective line over F Q ramified only at infinity. While there are many papers in the literature about Artin-Schreier curves, there are fewer about generalized Artin-Schreier curves, especially in our context.
Let X/F Q be a generalized Artin-Schreier curve given by (2) . Define the support of X by supp(X) := {i ∈ N | a i = 0}.
Let s p (i) be the sum of all digits in the base p expansion of i ∈ N.
Let N P 1 (X/F Q ) denote the first slope of N P (X/F Q ), This is usually referred to as the first slope of X/F Q . The first and main result in this paper is the following.
This theorem follows a line of results that one may call p-adic bounds, where the proofs rely on Stickelberger's theorem, see for example Moreno and Moreno [9] and later Blache [3] . Our methods are completely different, and are similar to those of Scholten-Zhu in the papers [11] , [12] and [13] .
This paper is laid out as follows. Section 2 gives important applications of Theorem 1. In Section 3 we give some background for the proof of Theorem 1. Sections 4 and 5 develop this for generalized Artin-Schreier curves, and mostly follow the development of Scholten-Zhu (no new ideas are needed in generalising from p to q, however we include the proof for completeness). In Section 6 we present new results for characteristic p on r-tiling sequences. Finally, Section 7 presents the proof of Theorem 1, and Section 8 presents the proof of Theorem 4.
Applications
In this section we will give some applications of Theorem 1 where X is a generalized Artin-Schreier curve of the form (2).
First Slope
Theorem 1 allows us to give a lower bound for the first slope of Newton polygon of the generalized Artin-Schreier curves (2) depending on d and p, but not on u. The following corollary states this bound.
Proof. We trivially have max{s p (l) | l ∈ supp(X)} ≤ ⌈log p d⌉(p − 1). The statement now follows by Theorem 1.
This improves exponentially (compare d/2 with log(d + 1)) on the bound in [5] where it is shown that N P 1 (X/F Q ) ≥ 1 g for the curve y 2 − y = f (x) in characteristic 2, where f (x) has degree d = 2g + 1, As remarked in [13] , the 1/g bound follows from properties of Newton polygons of abelian varieties.
The bound (3) is tight in the sense that for each p and d there is a curve X with first slope equal to 1/τ : our proofs in the remainder of the paper show that the curves in Theorem 4 give equality in (3).
Divisibility
We next relate the first slope to divisibility. The p-divisibility of the coefficients in the L-polynomial (1) is of interest for a few reasons. For example, Manin showed that the p-rank of the Jacobian of a curve (also known as the Hasse-Witt invariant) is equal to the degree of the L-polynomial with coefficients reduced modulo p. Thus, a curve has p-rank 0 precisely when all coefficients except the constant term are divisible by p. Mazur [7] has drawn attention to the important problem of finding the p-adic valuations of the Frobenius eigenvalues, which is closely related to the p-divisibility of the coefficients.
Another reason for studying the p-divisibility is to prove supersingularity. The following is immediate from the definition of supersingularity. 
We will present a (partial) generalization of this for generalized Artin-Schreier curves in Corollary 2, but first we need a simple proposition.
Proof. Let X have L-polynomial (1). Since N P 1 (X/F Q ) = 1/σ, it follows from convexity of the Newton polygon that p ⌈si/σ⌉ divides c i where 1 ≤ n ≤ 2g.
Since we have S 1 = c 1 is divisible by p ⌈s/σ⌉ , and since we have the well-known relation
we get the result by induction.
It follows from Proposition 1 part 1 and the result of Manin mentioned above that a generalized ArtinSchreier curve X defined by (2) has p-rank 0. This is well known and can be proved by other methods (such as using the Deuring-Shafarevich formula).
Here is the generalization of Lemma 2.
Proof. This follows from Proposition 1 part 1.
Next we state a simple corollary about the divisibility of the trace of Frobenius.
Proof. It is an easy consequence of Corollary 1 and Proposition 1.
Improved Hasse-Weil Bound
An improved Hasse-Weil bound is presented in [5] in characteristic 2, for Q = 2 n , n odd. We present a stronger improvement here, for any prime power Q, which is strictly better for genus > 3.
where g is the genus of X.
Proof. This corollary is a consequence of Corollary 3. The right hand side is the smallest integer which is divisible by p ⌈sn/τ ⌉ and smaller than the usual Hasse-Weil bound.
Note that Corollary 3 may be more useful than Corollary 4 when considering families of curves, because using the divisibility property we can greatly reduce the number of possible values of |#X(F Q n )−(Q n + 1)| as X ranges over the family. This can be useful when studying cyclic codes, see [8] for example.
We give a few numerical examples to illustrate our results.
Example 1: Let Q = 2, n = 7 and d = 15, then Hasse-Weil bound and the bound in [5] give |#X(F 2 7 )− (2 7 + 1)| ≤ 154 and the bound in Corollary 4 gives |#X(
The divisibility property in [5] implies that 2 divides |#X(F 2 7 ) − (2 7 + 1)|, however the divisibility property in Corollary 4 tells us that 4 divides |#X(F 2 7 ) − (2 7 + 1)|. 
Family of Supersingular Curves
A curve is said to be supersingular if its Newton polygon is a straight line segment of slope 1/2 (equivalently if N P 1 (X/F Q ) = 1/2). In van der Geer-van der Vlugt [6] and Scholten-Zhu [12] it is shown that all curves of the form
are supersingular over the finite fields having characteristic 2. In van der Geer-van der Vlugt [6] , Blache [2] and Bouw et al [4] , it is shown that for any prime p all curves of the form
are supersingular over finite fields having characteristic p. In this paper we will generalize these results and prove the following theorem:
Theorem 3. All curves of the form
are supersingular, where
Since s p (p i + p j ) ≤ 2 for all i, j ≥ 0, Theorem 3 follows from Theorem 1.
Family of Non-Supersingular Curves
In the opposite direction, Sholten and Zhu showed in [13] that there is no hyperelliptic supersingular curve of genus 2 k − 1 in characteristic 2 where k ≥ 2 (previously shown by Oort for genus 3). Blache proved a similar result for all primes p > 2 in [3] and showed that there is no supersingular ArtinSchreier curve of genus
We will generalize this result, and prove the following using the same techniques as we use to prove Theorem 1.
is not supersingular for any u ≥ 1.
Putting u = 1 recovers the result of Blache. The curves in Theorem 4 have genus
Other Connections
We remark that generalized Artin-Schreier curves have come up (see [1] ) in the completely different problem of studying irreducible polynomials over finite fields with certain coefficients fixed. A key part of the proof in [1] is to calculate the L-polynomials of three specific generalized Artin-Schreier curves.
Sharp Slope Estimate for Arbitrary Curves
This section states a little background for the slope estimates of curves over finite fields. Note that Theorem 5 and Lemma 6 hold valid when the base field is perfect of characteristic p.
Let W be the Witt vectors over F Q , and σ the absolute Frobenius automorphism of W . Throughout this paper we assume that X/F Q is a curve of genus g with a rational point. Suppose there is a smooth proper lifting X/W of X to W , together with a lifted rational point P . The Frobenius endomorphism F (resp., Verschiebung endomorphism V ) are σ ( resp., σ −1 ) linear maps on the first crystalline cohomology
Theorem 5. [11] Let λ be a rational number with
LetX/W be formal completion of X/W at rational point P . If x is a local parameter of P , Then every element of
, and F and V acts as follows: 
Furthermore,
Slope Estimate of Generalized Artin-Schreier Curves
Assume that X is a curve over F Q defined by an affine equation y q − y =f (x) where q = p u and
where
with a l ≡ã l mod p for all l. So X/W has a rational point at the origin with a local parameter x.
For any integer N > 0 and 0 ≤ i ≤ q − 2 let C r (i, N ) be the x r coefficient of the power expansion of the function y i (qy q−1 − 1) p N −1 at the origin P :
Lemma 7. The curve X/W has genus (q − 1)(d − 1)/2 and for q − 2 ≥ i ≥ 0, j ≥ 1 and di + qj ≤ (q − 1)(d − 1) − 2 + q the differential forms
Proof. The proof of Lemma 3.1 in [11] stated for primes p but is also valid for prime powers q.
Proof. If p |m, then
Lemma 9. For all nonnegative integer a and r we have
Proof. We have
Therefore we have 
(ii) for all m ≥ 2 we have
Furthermore, we have
Proof. We will prove by induction. Suppose n ≥ 1 and
Note this is trivially true if n = 1.
for some power series
. Thus the power series expansion of ω ij is
Apply V n+g−2 to the first differential form above. Since V action commutes with the restriction map (by Lemma 6), we have
for some β ∈ H 1 dR (X/W ). By the hypothesis, p ⌈nλ⌉−1 divides C mp n+g−2 −j (i, n + g − 3). For all m ≥ 1, by lemma 9,
For m coprime to p it follows from Lemma 8 that p divides x m h(x) dx x . Thus
Otherwise, except possibly when n = n 0 and m = p, we have
Therefore,
For all integers l ≥ 1, by the hypothesis of the theorem, we obtain
So by Lemma 9, we have ord p C mp n+g−l−2 −j (i, n + g − 2) ≥ ⌈nλ⌉ − l. So p ⌈nλ⌉ divides every sum of (5) except possibly the one on the first line. Combining this information with (4), (6) and (7) yields for all n < n 0
Hence for such n Lemma 6 implies
which proves the induction hypothesis.
If n = n 0 then the above implies that
The next Lemma will be referred to as the Key Lemma.
Lemma 11. Let λ be a rational number with 0 ≤ λ ≤ 
(ii) Let i,j be within range.
(a) Let n 0 ≥ 1. Suppose that and for all m ≥ 1, 1 ≤ n < n 0 we have
Proof. (i) The hypothesis in Theorem 10 are satisfied for all positive integers n 0 and for all possible i, j. Thus the statement follows from Theorem 5.
(ii) If N P 1 (X/F Q ) ≥ λ then p ⌈n 0 λ⌉ | V n 0 +g−1 (ω ij ) for all i, j in the range of Theorem 7 by Theorem 5. This implies that for the particular i, j satisfying the hypothesis of Theorem 10 we have ord C p n 0 +g−1 −j (i, n + g − 2) < ⌈n 0 λ⌉ .
This proves the Lemma.
We remark that if there is an decreasing sequence λ i whose limit is λ, and all members λ i satisfy the Key Lemma Part 2, and if λ satisfies the Key Lemma Part 1, then N P 1 (X/F Q ) = λ. We will use this in the proof of Theorem 4. Then
Proof. The proof of Lemma 4.1 in [11] stated for primes p but is also valid for prime powers q.
Lemma 13. Let a > 0 and k 1 ≡ a mod q − 1, write a = i + l(q − 1) with integers l and 1 ≤ i ≤ q − 1,
Fix two integers N > 0 and 0
] be a power series that satisfies y q − y = z and y(0) = 0. Define coefficients E k 1 (i, N ) by
In order to find the coefficient of
m , we have to find all m l 's such that
Since m i ≥ 0 for each i = 1, 2, · · · , d, there is a one-to-one correspondence between
Moreover, we have
For integers r ≥ 0 let K r denote the set of transposes
Hence the x r of
we have
We define
Proof. Take the identity
Subsitute the power series expansion of y i+l(q−1) above, we get
If i = 0 and k 1 > 0 and k 1 ≡ mod q − 1, by Lemma 13, the term of minimal valuation occurs at l = 1, we have
If i > 0 and k 1 ≡ mod q − 1, by Lemma 13, the term of minimal valuation occurs at l = 0, we have
Moreover,
6 p-adic Boxes and r-tiling Sequences
We define integers k l,v as follows:
for all v ≥ 0. We call the representation t (k 1 , k 2 , ..., k d ) the p-adic box of k, denoted by k for short:
Let S be a finite set of positive integers. For any positive integers r, an r-tiling sequence (of length v) is a sequence of integer 3-tuples
If no such sequence exists we sets p (r, S) := ∞; otherwise, defines p (r, S) the length of the shortest r-tiling sequence to be a i . LetK(r, S) denote set of all shortest r-tiling sequences.
Lemma 15. For any positive integer r and a finite set S of positive integers,
there is a bijection between the setK(r, S) and the set
{k ∈ K r |s p (k) =s p (r, S) and k l = k l+1 for all l / ∈ S}.
Proof. We shall define the maps first. An r-tiling sequence
∈K(r, S) is sent to the element k ∈ K whose p-adic box k has k l,v = i∈U a i where U = {j|v = b j and l ≤ l j }.
as follows: Given b let l be largest value such that k l,b = a is nonzero. Then we get a 3-tuple [a, b, l]. Subtract a from each component k l ′ ,b with 1 ≤ l ′ ≤ l, then apply the same procedure if there is a nonzero element. Note that: l is in S by definition, since it only change when l ∈ S; and a ∈ {1, ..., p − 1} since a is p v -th coefficient in the "base p" expansion of (k l − k l+1 ). These the maps are well-defined and one-to-one. Since the sets are finite, the maps are bijective.
Proof of Theorem 1
Proof of Theorem 1: Recall
where k ∈ K r by Lemma 15 Part 1. Therefore, for r in {mp n+g−1 − j|m, n ≥ 1, and j within range}, we have
Moreover, for r = mp n+g−1 − j consider any r-tiling sequence given by
Let p be an odd prime and d > 2 be a positive integer. Note that the case d = 2 is easy, so we can restrict it as d > 2. We have
and hence
Let q = p u be a prime power with p prime, u ≥ 2 integer and d positive integer. We have 0 ≤ i ≤ p u − 2 and 1 ≤ j < d(q − 1) − 1. Therefore,
. This easy case is also fine when we specially optimize the upper bounds of s p (i) and s p (j). We omit the details.
Proof of Theorem 4
In this section, we will prove Lemma 16 and Lemma 17 and then prove Theorem 4. Let d = j(p h − 1) with h ≥ 1 and 1 ≤ j ≤ p − 1.
Lemma 16. Let k ∈ K r with r ≥ 1. The last inequality holds only for k ≤ 2. Now assume k = 2. Then
We have
Since r = . This proves the first assertion.
Suppose above equality holds then k 1,v = 0 or 1; or 2 when
the first observation in the second assertion is proved.
By the arguments we used from equation (8) 
